We compute the one-loop quantum corrections to the gravitational potentials of a spinning point particle in a de Sitter background, due to the vacuum polarisation induced by conformal fields in an effective field theory approach. We consider arbitrary conformal field theories, assuming only that the theory contains a large number N of fields in order to separate their contribution from the one induced by virtual gravitons. The corrections are described in a gauge-invariant way, classifying the induced metric perturbations around the de Sitter background according to their behaviour under transformations on equal-time hypersurfaces. There are six gauge-invariant modes: two scalar Bardeen potentials, one transverse vector and one transverse traceless tensor, of which one scalar and the vector couple to the spinning particle. The quantum corrections consist of three different parts: a generalisation of the flat-space correction, which is only significant at distances of the order of the Planck length; a constant correction depending on the undetermined parameters of the renormalised effective action; and a term which grows logarithmically with the distance from the particle. This last term is the most interesting, and when resummed gives a modified power law, enhancing the gravitational force at large distances. As a check on the accuracy of our calculation, we recover the linearised Kerr-de Sitter metric in the classical limit and the flat-space quantum correction in the limit of vanishing Hubble constant.
Introduction
Since all of the classical tests of Einstein's general relativity concern only small deviations from the Newtonian behaviour, and can thus be derived from particle motion in a corrected Newtonian potential, it seems fitting to also study a quantum-corrected Newtonian potential to derive effects due to a quantum theory of gravity. While a full theory of quantum gravity does not exist yet, and various competing approaches are being considered, one can nevertheless make predictions by treating quantum gravity (possibly coupled to other matter fields) as an effective quantum field theory [1, 2] , able to describe quantum gravitational phenomena at energies well below some cutoff scale, which is essentially the Planck scale. In fact, quantum corrections to the Newton potential have been studied by many authors [1, , with the result that the effects are there, but too small to be observed at present. One can understand this conclusion from dimensional analysis alone: the expansion parameter for perturbative quantum gravity is the dimensionful Newton's constant G N (in the usual units where = c = 1, or G N /c 3 otherwise), which is the square of the Planck length Pl . Since the only other scale in the problem is the distance r from the source, the relative corrections must be given by a numerical constant (which is expected to be of order unity) times G N /r 2 = 2 Pl /r 2 . Plugging in the numbers, one quickly realises that any correction is completely insignificant. One can slightly ameliorate the situation by considering gravity interacting with N matter fields, where the above corrections get multiplied by N , and then take N large. However, the standard model tells us that N ≈ 10 2 , which is not enough to overcome the smallness of Newton's constant.
The above picture changes considerably once quantum corrections are considered on a non-trivial background, different from flat space. In this case, the background spacetime furnishes another scale which can combine with Newton's constant to form a dimensionless quantity. A multitude of other functional forms of the corrections to the Newton potential are then possible, even constant corrections or ones which grow with the distance from the particle. Naturally, one has to perform concrete calculations to see if such corrections are actually present, and in case they are work out the numerics. Especially important in this context are quantum effects in de Sitter spacetime, which is a very good approximation for most of the inflationary period in the standard cosmological model [26] [27] [28] [29] [30] [31] , and also models our present accelerated universe [32] [33] [34] [35] [36] . For static point sources in de Sitter spacetime, corrections to the Newton potential have been calculated very recently [37] [38] [39] , obtaining contributions which grow logarithmically with either time or distance, and are thus potentially much larger than in flat space.
The effective quantum gravity theory is described by a bare action for the metric and the matter fields, consisting of a series of diffeomorphism invariant scalars. The lowest-order terms are the familiar Einstein-Hilbert action with cosmological constant, while terms with more derivatives and/or powers of curvature come with additional powers of Newton's constant/the Planck length. The corresponding coupling parameters must be obtained from additional experiments, and since one needs more and more terms at each loop order, quantum gravity is perturbatively non-renormalisable. However, since they are suppressed relative to the lowerorder terms, at low scales only few of them are needed, and one may obtain reliable predictions from the effective theory at those low scales. In some applications, the situation is even better: in general, at one-loop order one needs two additional counterterms quadratic in the curvature tensors (which may be taken to be the square of the Ricci scalar and the square of the Weyl tensor), and correspondingly one has two undetermined free parameters corresponding to the finite part of those counterterms. For certain observables in inflation, the contribution of those finite parts quickly red-shifts and is negligible at late times [40, 41] . Thus, completely unambiguous predictions can be obtained for those observables in the late-time limit.
In the recent work [39] , we computed the leading quantum corrections to the gravitational potentials of a point mass in a de Sitter background due to the coupling of the metric perturbations with conformal fields in an arbitrary conformal field theory. In addition to the Newton potential, which is obtained from the time-time component of the perturbed metric, there is another gauge-invariant variable that is classically constrained to be equal to the Newton potential, but receives quantitatively different quantum corrections. To isolate the contribution from conformal fields, in addition to working in the effective field theory approach we made a large-N expansion, where N is the number of conformal fields which we assumed to be large. The large-N expansion then amounts, after rescaling Newton's constant, to a saddle point expansion of the path integral, in which graviton loops are suppressed by factors of 1/N relative to matter loops [42] [43] [44] . The result shows that besides the quantum effects analogous to those found in flat spacetime, namely that the classical gravitational potential gets very small corrections proportional to 2 Pl /r 2 , wherer is the physical distance from the source, there are two new effects. The first is a constant shift which depends on the undetermined parameters of the renormalised effective action, and could be interpreted as an additional (finite but scale-dependent) renormalisation of Newton's constant. The second effect is a term that grows logarithmically with the distance, of the form 2 Pl H 2 lnr with the Hubble parameter H, the new background scale in de Sitter spacetime. However, this logarithmic growth may be an artefact of perturbation theory, which one should only consider as valid up to distancesr that keep this term bounded by one. Since only one-loop corrections were considered, we cannot make statements beyond one-loop perturbation theory. Nevertheless, to one-loop order this term leads to a modification of the 1/r Newtonian gravitational law to a 1/r α one where α = 1 − c 2 Pl H 2 with c > 0, which means that the potential decays slower at large distances, indicating an enhancement of the gravitational attraction due to quantum effects. 1 Moreover, the positivity of c is guaranteed by unitarity [45] , such that this large-distance enhancement, even though small, is a universal effect. The aim of this work is to extend the above results to spinning particles in de Sitter spacetime, i.e., to calculate the quantum corrections to the gravitational potentials of a spinning point mass in de Sitter due to loop corrections of conformal fields. By classifying the metric perturbations according to their behaviour under transformation on equal-time hypersurfaces into scalar, vector and tensor perturbations, one can construct six gauge-invariant variables: two scalar, one transverse vector and one transverse and traceless tensor potential. A spinless point particle only couples to one of the scalar potentials (the one that becomes the Newtonian potential in the non-relativistic limit), but a spinning particle also couples to the vector-type potential. This vector potential is responsible for the Lense-Thirring effect, which may also be interpreted as a long distance effect of the Kerr metric.
It seems that the first computation of quantum corrections to the gravitational potential of spinning particles was performed by Donoghue et al. [46] , who found the long distance quantum corrections to the gravitational field of charged particles with and without spin. These authors work also in the framework of quantum gravity as an effective field theory, but since their approach is quite different from ours it is worth to explain their method in some detail. The first step in their approach is the calculation of the in-out matrix elements of the stress tensor describing the radiative corrections due to photons and gravitons on a static charged particle. Fourier transforming with respect to the difference q in spatial momenta between the in and the out state, they obtain an effective quantum stress tensor in position space, which in the next step is used as a source in the linearised classical Einstein equations. It turns out that the one-loop contributions from virtual massless photons lead to non-analytic terms in the matrix elements (of the form q 2 and ln q 2 ), which determine long-range corrections to the classical stress tensor of the charged particle. The metric perturbations thus obtained are the sum of three parts: a) the Newtonian potential, b) another classical term, which is the gravitational contribution associated to the electromagnetic field of the charged particle, and c) an extra term. The two classical ones reproduce the longdistance form of the Reissner-Nordström and Kerr-Newman metrics, while the extra term is the quantum correction.
In contrast, our approach is based on the computation of the effective gravitational action for the gravitational field interacting with conformal fields, and deriving effective equations of motion for the metric perturbations from it. In contrast to the work of Donoghue et al. [46] , who only study the cases of spin 0 and 1/2, we consider a classical spinning point mass with arbitrary spin. We furthermore work in the above-mentioned large-N expansion, in which non-linear effects of the gravitational perturbations are suppressed by 1/N , and we will thus not reproduce the classical non-linear terms in the long-distance behaviour of the Kerr metric. The reason for this choice is the notorious difficulty to define gauge-invariant local observables in (even perturbative) quantum gravity, once graviton loops are included. While in flat space one can reconstruct the scattering potential from the gauge-invariant S-Matrix (the inverse scattering method), this is not possible in de Sitter spacetime where no S-Matrix exists [47, 48] . Even so, it took over 10 years from the first calculation [8] until [16, 18] to find the right numerical coefficient for the correction due to graviton loops. Nevertheless, let us mention the recent works [49] [50] [51] , where concrete proposals for gauge-invariant observables (up to an arbitrary fixed order in perturbation theory) were made. It would be illuminating to calculate the graviton corrections to the Newtonian potential in flat space using those observables, and to determine which one corresponds to the result obtained by the inverse scattering method. Those calculations could then be generalised to de Sitter space and other curved spacetimes; however, this is vastly beyond the scope of our work.
The main advantage of the effective action approach is its applicability to non-trivial background spacetimes. In fact, since no S-Matrix exists in de Sitter [47, 48] , the inverse scattering method cannot be applied, and solving the effective field equations is the only way to progress. The calculation of the effective action basically amounts to a one-loop computation of the graviton self-energy in the curved background. Adding the action for a point source, effective field equations for the metric perturbations can be obtained in the usual way by varying the effective action, and thus the gravitational response to a point source (or any other source, for that matter) can be studied [5, 13, 19, [21] [22] [23] . As pointed out by Park and Woodard [21] in this context, to obtain real and causal effective field equations it is necessary to compute the effective action using the Schwinger-Keldysh or "in-in" formalism [52] [53] [54] . The underlying reason is the non-equivalence of the in-and out vacua due to particle production on time-dependent backgrounds (such as de Sitter); in fact, the usual in-out formalism gives completely wrong results already in the trivial case of a free scalar field in de Sitter, where part of the mass term is treated as a perturbation and then resummed to all orders [55] .
The paper is organised as follows: In section 2 we give a brief review of the description of a test body with spin in de Sitter spacetime, summarising the main results of the analysis of Obukhov and Puetzfeld [56] and providing explicit formulas for the Poincaré patch of de Sitter, which we are taking as the background. In section 3, we display the in-in effective action for the metric perturbations around this background (including the quantum corrections from conformal matter fields which were integrated out), based on the results of Campos and Verdaguer [57, 58] for conformally coupled scalar fields which were subsequently generalised to general conformal matter [39, 59, 60] . The result only depends on gauge-invariant combinations (two scalar potentials, one vector and one tensor-like potential, according to their transformation properties on the background equal-time hypersurfaces), and their equations of motion are derived and subsequently solved in section 4. In section 5, we compare the classical and the flat-space limit of our results to known works, and section 6 presents the main result and conclusions. Some technical steps are delegated to the appendix. We use the "+++" convention of Ref. [61] , units such that c = = 1, and define κ 2 ≡ 16πG N with Newton's constant G N . Greek indices range over spacetime, while Latin ones are purely spatial.
Action for spinning point particles
The first step in our analysis is to determine an action for a point particle with spin in a curved spacetime. It is known that in addition to the four-position z µ (τ ) describing its world line, with τ an affine parameter, this involves an antisymmetric spin tensor S µν (τ ) [62] [63] [64] [65] [66] [67] [68] . Furthermore, the canonical momentum p µ (τ ) can be different from the one in absence of spin (which would be given by mu µ with u µ ≡ dz µ /dτ ), and the spin tensor can fulfil one of two constraints:
The first one is known as the Frenkel-Pirani condition [69, 70] , while the second one is the Tulczyjew condition [64, 65] . In the literature [71] [72] [73] , one then finds an expression for the stress tensor of a spinning particle, which reads
with the covariant δ distribution
From its covariant conservation, using that d/dτ = u µ ∇ µ we find the equation of motion for the particle (usually known as the Mathisson-Papapetrou equation [62, 63] ), which reads dp 4) and the spin precession equation
For a background de Sitter spacetime, the Riemann tensor is given by
, and thus the equation of motion reduces to dp
These equations have been recently solved by Obukhov and Puetzfeld [56] , and we summarise some of their results now. First note that by contracting equation (2.5) with u µ , we obtain
with the mass parameter
while contracting equation (2.4) or (2.6) with u α we get
Thus, for the time dependence of the mass parameter m we calculate
such that m is conserved if we impose the Frenkel-Pirani condition (2.1a). On the other hand, defining the mass parameter M by
we obtain using the equation of motion (2.6) 12) which is conserved for either the Frenkel-Pirani (2.1a) or the Tulczyjew condition (2.1b). Also the magnitude of the spin tensor is conserved, as shown by
Note that for vanishing spin S µν = 0, one sees that p µ = mu µ with constant m is a solution of the spin precession equation (2.5), while the equation of motion (2.4) reduces to the usual equation of motion du µ /dτ = 0 for a spinless point particle in the absence of external forces. Furthermore, in this case both mass parameters agree: m = M . In general, the quantity
is conserved on solutions of the equations (2.4) and (2.5) for any Killing vector ξ µ , which can be verified straightforwardly using the Bianchi identities for the Riemann tensor and the fact that for the second derivative of any Killing vector we have [61] 
This can be used to give a complete solution to the equation of motion (2.6) and the spin precession equation (2.5). We work in the conformally flat coordinate system of the cosmological or Poincaré patch of de Sitter spacetime with the n-dimensional metric and we obtain the coordinate expressions for the Killing vectors by explicitly solving their
There are (n − 1) + (n − 1)(n − 2)/2 Killing vectors corresponding to spatial translations and rotations, 1 which in the flat-space limit reduces to a time translation and (n − 1) generalised boosts, which together comprise the maximum number of n(n + 1)/2 Killing vectors an n-dimensional spacetime can have. Their components are given by
and plugging those expressions into equation (2.14), we obtain the conserved quantities
These equations can be inverted to obtain expressions for the momenta p µ and the spin tensor S µν , and we obtain the explicit solution
We are especially interested in solutions for a particle at rest at the origin, where x i (τ ) = 0, and thus u i (τ ) = 0. From the normalisation u µ u µ = −1, which fixes τ to be the proper time of the particle, we then obtain
and thus
In this case, the above system (2.20) reduces to
The derivatives of this explicit solution are easily calculated (remembering that d/dτ ≡ u α ∇ α ), and read dp 0 dτ = 0 , (2.24a) dp
and comparing with the equation of motion (2.6) and the spin precession equation (2.5) shows that both are fulfilled. Furthermore, one easily checks that both the Frenkel-Pirani condition (2.1a) and the Tulczyjew condition (2.1b) are satisfied for Ξ
= 0. For the mass parameters (2.8) and (2.11) we then obtain 25) such that the full solution reads
with an arbitrary constant tensor Ξ (sr) ij , which is by construction antisymmetric in the index pair ij and which determines the spin of the particle as shown by equation (2.26c). Evaluated on this solution, the stress tensor (2.2) reads
The linearised action is then given as usual by introducing metric perturbations h ab viã 28) and coupling the stress tensor to the metric perturbation according to
where the explicit factor of a n+2 comes in because of the rescaling of the metric perturbation (2.28), and the fact that for the background de Sitter metric (2.16) we have √ −g = a n . Let us finally note that it is also possible to introduce a non-minimal spin-curvature coupling [74, 75] , similar to the non-minimal coupling ξRφ 2 of a scalar field φ, which would change the stress tensor (2.2). However, in our case these corrections are of quadratic (or higher) order in the spin, i.e., they would induce changes involving a product of two (or more) tensors Ξ (sr) ij . Since corrections quadratic in spin also would arise from the inclusion of graviton loops and graviton interaction vertices, which are suppressed by our use of the 1/Nexpansion, it does not seem sensible to keep terms coming from a non-minimal spin-curvature coupling either, and we leave a more detailed analysis to future work.
The effective action
It is well known that the diffeomorphism invariance of a gravitational theory with the metric g µν is, when expanding in perturbations around a background metric, equivalent to a gauge symmetry for the metric perturbations. For the background de Sitter metric (2.16) with perturbations (2.28), this gauge symmetry takes the explicit form
where ξ µ is a vector parametrising the gauge transformation. Since both the Einstein-Hilbert gravitational action as well as the usual matter actions are diffeomeorphism-invariant, their perturbative expansions, and consequently the effective action which is obtained after integrating out the matter fields, must be invariant under the transformation (3.1), at least to lowest non-trivial order. In fact, it has been shown [39, 76, 77] that h µν can be split into a gauge-invariant part h inv µν and a Lie derivative of a vector X µ , in the form
The gauge-invariant part is given by 3) . The advantage of working with gauge-invariant variables from the start is a very practical one, since fewer equations must be solved. Moreover, to the order that we are working there is no mixing between scalar, vector and tensor perturbations such that we can treat each of those separately.
Using the decompositions (3.2) and (3.3) in the spinning particle action (2.29) and integrating by parts, we obtain in n = 4 dimensions
since covariant conservation of the stress tensor (2.2) (with respect to the de Sitter background) ensures that the coupling (2.29) to the metric perturbations is gauge invariant, and thus does not depend on X µ . We see that the part that couples to scalar perturbations is unchanged from the case of a particle without spin [39] , but the non-zero spin introduces a new coupling to vector perturbations. Since to the order we are working scalar and vector perturbations do not mix, we can focus on the vector perturbation and simply copy the final result for the scalar perturbations. There is no coupling to tensor perturbations, such that their equations of motion are the same as in the source-free case. Since the corresponding analysis was already performed in the work [59] , we from now on also ignore the tensor perturbations. The effective action for metric perturbations interacting with massless, conformally coupled scalars in a FLRW background was first calculated by Campos and Verdaguer [57, 58] , and later on generalised to general conformal matter [39, 59, 60] . As explained in the introduction, the in-in formalism [52] [53] [54] has to be used to produce real and causal effective equations of motion, and a large-N expansion has to be employed to separate effects due to matter loops from the effects of graviton loops [42] [43] [44] . We refer the reader to the aforementioned works for details of the calculation, and only present here the end result for the effective action.
Starting with a bare Einstein-Hilbert action for gravity, the action for N conformal matter fields, and a counterterm action to renormalise the ultraviolet divergences, one functionally integrates out the matter degrees of freedom to obtain the effective action for the metric perturbations, and then adds the point-particle action to describe their interaction with the spinning point particle. In the in-in formalism, the renormalised effective action
depends on two types of fields, the "+" and the "−" ones, and the effective equations of motion are obtained by taking a variational derivative with respect to the "+" fields, and setting both types of fields equal to each other afterwards (see Ref. [39] for more details). The first, local part of the effective action S loc,ren is given by
where the curvature tensors and covariant derivatives are calculated using the conformally related perturbed metric g µν = η µν + h µν (2.28), C 2 ≡ C µνρσ C µνρσ is the square of the Weyl tensor C µνρσ and E 4 ≡ R µνρσ R µνρσ − 4R µν R µν + R 2 is the Euler density. The second, non-local part Σ ren reads
While the constant β is arbitrary and must be determined by experiment, the parameters b and b are the coefficients appearing in the trace anomaly in front of the square of the Weyl tensor and the Euler density. Both coefficients depend on the conformal theory under consideration; for N 0 free massless, conformally coupled scalar fields, N 1/2 free, massless Dirac spinor fields and N 1 free vector fields we have [79] 
The non-local part Σ ren depends on non-local kernels K, which are given by their Fourier transforms
This result is valid in the MS renormalization scheme, where the renormalization scaleμ is chosen such that there is no term proportional to C 2 in the local part of the renormalized effective action S loc,ren (3.6) (except for the term involving ln a coming from the conformal transformation). However, the effective action is invariant under the renormalization group [80] and cannot depend on the renormalization scale µ. Thus, for all values of µ =μ, an additional term appears in S loc,ren , of the form c(µ) C 2 d 4 x with c(µ) = −b ln(µ/μ) [39] . While we will employμ in the following to shorten the formulas, we will restore the finite coefficient c in the final results, i.e., perform the replacement
Setting the metric perturbation to zero after taking the variational derivatives gives the background equations of motion, which in our case determine the relation between the cosmological constant Λ and the Hubble parameter H [39] ,
As explained above, in this calculation we only focus on the vector perturbations. The effective action then consists of two parts [39, 60] : The first one is local, and after inserting the decompositions (3.2) and (3.3) it reads [referring to the vector part with a superscript (V)]
12) where S (V)
PP is the vector part of the point particle action (3.4),
The second part is non-local, and given by
with the kernels K defined in equation (3.9) . In contrast to the scalar case, the gauge-invariant vector perturbation V i is equal to the vector v T i used in Ref. [60] such that we could directly copy the above expressions, only generalising from the massless, conformally coupled scalar to a general conformal field theory as explained in our previous work [39] .
Effective equations and solutions for the gauge-invariant perturbations

Effective equations of motion
The effective equations of motion for the gauge-invariant vector perturbation are now obtained by taking a variational derivative with respect to V + k and setting V
Using that the kernel K + is symmetric, K + (x − y;μ) = K + (y − x;μ), this gives
where we defined the combination
We see that there are two different contributions to the effective equation of motion: the first one is the classical response of the gravitational field to the spin of the test particle, which comes solely from the Einstein-Hilbert and the point particle action and which consequently is given by all the terms independent of b, b or β. The second contribution are the quantum corrections due to loops of conformal matter, which are our main interest, and which are sourced by the classical contribution. To see this more explicitly, we split the vector perturbation into a classical and a quantum contribution according to 4) and obtain the equations
and
Since we neglected graviton self-interactions, which would contribute at order O κ 4 in the equation of motion (4.2), we consequently also have to neglect the O κ 2 correction terms in equation (4.6).
Solutions for the vector perturbation
Using the well-known formula
with r = |x|, the explicit solution of the classical equation (4.5) is given by
Note that it only depends on the physical distancer ≡ ar on the equal-time hypersurfaces; therefore, an observer at a fixed physical distance from the source will measure a timeindependent Lense-Thirring effect. Since the tensor Ξ (sr) ij is antisymmetric, we can introduce a spin vector S according to
jk , (4.9) such that the solution (4.8) can also be written in the form
To solve the equation (4.6) for the quantum corrections, we first calculate
such that equation (4.6), neglecting the O κ 2 corrections as explained above, reduces to
with the integral
The calculation of this integral is somewhat involved and thus relegated to appendix A; the result reads (A.12), (A.16)
Inserting these results into equation (4.12) and applying the inverse Laplace operator, we obtain after some rearrangements [using also the explicit solution (4.
This is a well-defined distribution in three spatial dimensions, including the origin r = 0. It is, however, not very illuminating, and moreover we know that for very small r the test particle approximation breaks down anyway. We can thus restrict to r > 0 and perform the remaining spatial derivatives in the second term using
Neglecting consequently also all local terms proportional to δ 3 (x) or its derivatives, this gives the result
Again, the result only depends on the physical distancer = ar, such that an observer at a fixed physical distance from the particle will see a time-independent quantum correction.
Solutions for the scalar perturbations
Since the action for the scalar potentials Φ A and Φ H is unchanged from the non-spinning case treated previously [39] , their effective equations of motion and the corresponding solutions are also unchanged. For completeness, we reproduce the solutions here:
and we note that as in the vector case those are valid for r > 0.
Comparison with previous results
The classical limit
Plugging the classical contributions (4.8) and (4.18) into the perturbed metric (2.28) with the decomposition (3.2) (setting the gauge-dependent vector X µ = 0), we obtain for the full (linearised) metric the result
To take the flat-space limit, we first need to transform from conformal time η to cosmological time t via
which results in
3)
The flat-space limit can now be performed by taking the limit of vanishing Hubble constant H → 0, which entails a → 1 for the scale factor according to equation (5.2). Replacing as well κ 2 = 16πG N , we obtain
To first order in the mass parameter M and the rotation parameter α (which we employ instead of the more common a to avoid confusion with the de Sitter scale factor), the Kerr metric [81] in Boyer-Lindquist coordinates [82] reads
where θ and φ are related in the usual way to the Cartesian coordinates x, y and z, while we set R = M + r = M + x 2 + y 2 + z 2 . Comparing with the flat-space limit (5.4), we identify
with all other components of Ξ (sr) kl vanishing. Note that this is no restriction or loss of generality, since we have just oriented our coordinate system in such a way that the spin vector (4.9) dual to the antisymmetric tensor Ξ (sr) kl points in the z direction. In flat space we thus recover the linearised Kerr solution.
In de Sitter space, there is a generalised four-dimensional Kerr-de Sitter black hole solution found by Carter [83] (see also [84, 85] ), and later generalised to n dimensions by Gibbons et al. [86] . To first order in the mass parameter M and the rotation parameter α, it reads
(5.7)
(We note that there seems to be a factor of sin 2 θ missing in Ref. [84] .) As M, α → 0, this reduces to the metric of the static patch of de Sitter spacetime. To obtain the linearised Kerr-de Sitter metric in the Poincaré patch, one has to perform a coordinate transformation which after some trial and error is obtained in the form
This leads to
9) which is identical tog µν dx µ dx ν with the metric components (5.1) after a transformation to Cartesian coordinates, with the same identification of parameters as in the flat-space case. We thus recover a linearised Kerr solution also in de Sitter space.
The flat-space limit
The quantum corrections for spinning particles in flat space, due to loops of gauge fields and massless and massive fermions and scalars with arbitrary curvature coupling, have been recently studied by one of us [87] . The result in the massless case is given by
10b)
where N s denotes the number of free, massless fields of spin s, and where the (constant) spin vector S is given by equation (4.9). Conformal coupling for the scalars entails ξ = 1/6, and comparing with the expressions (3.8) that determine the parameters b and b in the free-field case, the result of Ref. [87] can be written as We can also compare with the (corrected) results of Bjerrum-Bohr, Donoghue and Holstein [17] and Khriplovich and Kirillin [16] , who studied quantum corrections due to loops of gravitons. Both use harmonic gauge, better known as de Donder gauge, which is determined by the condition
In terms of the decomposition of the metric perturbations into gauge-invariant and gaugedependent parts (3.2) (taking the flat-space limit), this gives rise to
which determines the vector X µ in terms of the gauge-invariant potentials. Since the flatspace result (5.11) is time-independent, we also assume a time-independent vector X µ in order to avoid introducing a spurious time dependence in our results. We then obtain X 0 = 0 and, using equation (4.16),
(5.14)
In this gauge, our result for the metric perturbation thus reads
which has the structure of the results of Refs. [16, 17] (including the logarithmic terms), but with different numerical coefficients since their results include corrections due to graviton loops.
Discussion
Quantum effects in de Sitter spacetime play an important role in cosmology, not only because de Sitter approximates very well most of the inflationary period in the standard cosmological model [26] [27] [28] [29] [30] [31] , but also because this spacetime models our present accelerated universe [32] [33] [34] [35] [36] . For this reason, it is important to test perturbative quantum field theory in a de Sitter background (see, e.g., the recent Refs. [88] [89] [90] [91] [92] [93] [94] [95] [96] [97] [98] [99] and references therein) as well as perturbative quantum field theory interacting with metric perturbations, both quantized and classical, at tree level and beyond (see, e.g., the recent Refs. [38, 40, 41, 59, 60, [100] [101] [102] [103] [104] [105] [106] and references therein), even if the effects are too small to be observed at present [107] . The present work is another contribution to this large research field, probing the vector part of the metric perturbations which is often neglected. In the usual scalar-driven inflationary models, vector perturbations are not generated on large scales, and any existing perturbations are quickly redshifted and negligible at late times [26] . In our case, even though inflation is driven by a cosmological constant, the spinning point particle continously excites vector modes of the metric perturbation, which consequently remain present even at late times. We have calculated the quantum correction to the gauge-invariant vector mode of the metric perturbation in de Sitter space, due to the vacuum fluctuations of conformal matter. As in our previous work [39] where we calculated corrections to the Bardeen potentials, our result is valid for arbitrary conformal field theories (including strongly interacting ones). It depends on the parameters b and b which appear in the trace anomaly, and which are given by equation (3.8) for free theories, but generally take different values once interactions are included. Reintroducing and c, and using the Planck length Pl = G N /c 3 and the physical distance on equal-time hypersurfacesr ≡ ar, we can write it in the form
Both in the flat-space limit H → 0 and the classical limit Pl → 0, this reproduces previous results for the quantum corrections and for the (linearised) Kerr(-de Sitter) metric. We see that there are three different contributions to the quantum corrections: a) one which is also present in flat space, independent of the Hubble constant H, and which only is significant at distances of the order of the Planck length, b) a constant correction, which depends on the renormalized parameters appearing in front of the term quadratic in the curvature tensors of the gravitational action and the renormalisation scale, and which could be absorbed in a renormalisation of the spin of the point particle, and c) a correction that grows logarithmically with the distance from the particle. This last term is the most interesting, since while the prefactor 2 Pl H 2 is extremely small at present times, during inflation it is small but appreciable. It is thus conceivable that the logarithmic growth at large distancesr could overcome the smallness of this prefactor and have potentially observable effects. However, this growth might be an artifact of perturbation theory, similar to the infrared growth of loop corrections for the massless, minimally coupled scalar field with φ 4 interaction. These loop corrections can be resummed [108] [109] [110] [111] [112] [113] [114] [115] [116] to obtain a non-perturbative result without infrared growth, but with strongly non-Gaussian behaviour. We thus perform a tentative "resummation" of the logarithmic term according to
into a modified power-law to order 2 Pl , to which we are working. Thus, since b > 0, which can be seen from the explicit expression (3.8) for free theories, and is also true for interacting theories because of unitarity [45] , the potential decays slower at large distances. The gravitational force is thus enhanced with respect to the classical case, in the same way as for the Bardeen potentials [39] . 2 The above results have been obtained for conformal matter fields, where the quantum correction only depends on the physical distancer = ar and is thus time-independent for observers at a fixed physical distance from the particle. For quantum corrections due to other matter fields, this need not be the case, and existing calculations [38] indicate that one might expect contributions which grow at late times like ln a. In particular, such contributions might be expected if one considers the vacuum fluctuations of a massless, minimally coupled scalar field, and it would be important to generalise our calculation to this case.
Inserting the Fourier transforms of the kernels K (3.9) into the definition of the kernel H(x − x ;μ) (4.3) and performing the integral over p 0 , we obtain that [39, 59] H(η − η , p;μ) = d-lim
where the notation d-lim means that the limit has to be taken in the sense of distributions, i.e., after integrating. It is clearly seen that the integral over η of this kernel is not convergent if k ≥ 0. The physical reason for this is that we evolve the quantum system starting from a free vacuum state (the Bunch-Davies vacuum), with the implicit assumption (as in flat space) that in the far past, the particles become free and the effective interaction between them vanishes. However, as η → −∞, the universe shrinks and interactions between particles can only become stronger, such that we cannot assume a free state in the past. There are two solutions to this problem: one could either start at a finite initial time η = η 0 and include perturbative corrections to the initial state at this time [117] [118] [119] , or employ an i prescription to select an adiabatic interacting vacuum state at past infinity [91-93, 103, 120] . Both solutions are expected to agree at least in the late-time limit η → 0, and for ease of implementation we employ the second one. As explained in Ref. [39] , the net effect of the i prescription is to multiply the spatial Fourier transform (A.2) by a factor exp[−i |p|(η − η )].
In order not to confuse the two parameters (one coming from the proper definition of the distribution (A.2) and one selecting the adiabatic interacting vacuum state), we denote the prescription parameter by δ, and obtaiñ (A.8)
The terms depending on η 0 must be absorbed in a correction to the initial state if δ = 0. In our case, we want to select an interacting vacuum state at past infinity using the iδ prescription, and thus take first the initial time to past infinity, η 0 → −∞ and afterwards the limit δ → 0. Finally, we can then also take the limit → 0 coming from the proper definition of the kernel H(x − x ;μ) as a distribution (A.2). For the asymptotic expansion of the Ein special function we have [103] Ein The reverse Fourier transform of the first integral was already done in that reference as well, and reads 
